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Abstract

A recent paper describes a simple model for
determining global and local contributions to cor-
neal curvature. The model makes use of measure-
ments of the curvature of the anterior and posterior
surfaces of the cornea. The purpose of this paper
is to illustrate application of the model. The model
is applied to a moderately keratoconic cornea. The
curvature of the posterior surface of the cornea
exhibits greater variation than that of the anterior
surface. Global effects dominate. The variation of
the ortho-antispherical component of global curva-
ture suggests an important role for the lids in
keratometric variation.

Introduction

A recent paper' examines the power of the anteri-
or and posterior surfaces of a moderately keratoconic
cornea. The back surface exhibits considerably less
variation than the front surface. This is to be expected
because of the much greater difference in index of re-
fraction across the front surface than across the back
surface. While power is appropriate for studies of op-
tical effects, curvature is the more appropriate prop-
erty when one is interested in the underlying causes of
variation in corneal power. Accordingly the purpose
of this paper is to re-examine the same cornea but in
terms of surface curvature instead of power. We also
make use of the theory developed in a second recent
paper? to estimate the global and local contributions
to curvature with a view to gaining insight into the
possible causes of the variation in curvature of the
cornea.

The surface curvatures

Table 1 gives the raw data upon which this study
was based. It lists the first five of 25 sets of readings
of radius r of curvature along principal meridians of
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the anterior and posterior surfaces of the cornea. 7
is the radius of curvature along a principal meridian
at angle 4, and 7, the radius of curvature along the
principal meridian at 4, +90° . The thickness ¢ is
also listed. For more details the reader is referred to
the earlier paper'.

Table 1 The first five of 25 measurements of radius of curva-

ture along the principal meridians (7 along 4, and 7, along
4,+90°) of the anterior and posterior surfaces of the cornea.
The last row gives the radii and principal meridians for the mean
given in Table 3. The thickness is also given.

Anterior surface Thick- Posterior surface
ness
h 4, ) tpm h 4 r
/mm /degrees  /mm /mm  /degrees /mm
7.78 146 7.26 413 6.73 153 5.717
7.78 146 7.32 418 6.72 152 5.86
7.81 140 7.27 415 6.90 145 5.87
7.82 140 7.29 418 6.84 152 5.85
7.85 142 7.30 419 6.97 151 5.87
7.82 143 7.29 415 6.81 151 5.83

The curvature k along a meridian is calculated by

means of

1
K=—".

r
The results for the first five sets of measurements are
given in Table 2. k, and k, are the curvatures along
the principal meridians at angles 4, and 4, +90°
respectively. K, and K, are the eigenvalues of the
surface curvature matrix k, a matrix of the same
mathematical nature as the symmetric dioptric power
matrix F?. 4 and 4, 4+90° define the corresponding
eigenspaces. The reverse eigenvalue problem of ob-
tainingk from K, , Kk, and 4 is




S Afr Optom 2008 67(1) 17-20  'WF Harris and WDH Gillan - Global and local contributions to curvature of a moderately keratoconic cornea

exactly the same as obtaining F from its principal
powers and principal meridians.? The coefficients
Ky , Kk; and Kg of surface curvature are obtained
from K; K; is the spherical coefficient, «, the or-
tho-antispherical coefficient and k, the oblique anti-
spherical coefficient.? They are listed in Table 3.

Table 2 Principal meridional curvatures and mean (last row)
for the first and second surfaces of the cornea

Anterior surface Posterior surface

'Ql Al F‘”Z H’l Al K’Z
/mm /degrees  /mm /mm  /degrees  /mm
128.5 146 137.7 148.6 153 1733
128.5 146 136.6 148.8 152 170.6
128.0 140 137.6 144.9 145 170.4
127.9 140 137.2 146.2 152 170.9
127.4 142 137.0 143.5 151 170.4
127.9 143 137.2 146.8 151 171.5

Table 3 The spherical «, , ortho-antispherical k, and oblique
antispherical x, coefficients of surface curvature, the mean
coefficients i , R and i, the mean surface curvature matrix
# and the variance-covariance matrix S of the coordinate vec-
tor (K, K, mK)l for the anterior and posterior surfaces of the
cornea. Only the upper-triangular entries are given explicitly in

symmetric matrices.

Anterior surface Posterior surface

KD K;D Kg/dD KD KD Kg/D
133.1 -1.7 43 160.9 -7.3 10.0
132.6 -1.5 3.7 159.7 —6.1 9.1
132.8 -0.8 4.7 157.6 4.3 11.9
132.5 —0.8 4.6 158.6 —-6.9 10.3
132.2 -1.2 4.7 156.9 77..1 11:4
Ky % Ry 132.6 -1.3 4.5 159.2 —-6.4 10.6
1313 45 152.8 10.6
K /D [ . 133.8] [ . 165.5]
w2 e
. . 0.154 . . 0.898

The means, &, , k, and Kk, of the 25 sets of coef-
ficients, are obtained simply as the arithmetic means
of the coefficients. They are listed for the front and
back surfaces in Table 3. Combining the coefficients
according to Equation (4) of a previous paper? we
obtain the mean surface curvature matrices Kk for the
front and back surfaces of the cornea (see Table 3).
The eigenstructure of K gives the principal merid-
ians of the mean surface curvature and the curvatures
along them (last row of Table 2); from these princi-
pal curvatures one obtains the corresponding radii of
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curvature (last row of Table 1).

The variance-covariance matrices S based on the
coordinate vector (k, K, Ky ) arealso given in Ta-
ble 3. Because the matrices are symmetric only the
entries in the upper-triangular portions of the matrices
need be shown.

Figure 1 is a stereo-pair plot representing the sur-
face curvatures in surface curvature space. The dots
in (b) and (c) correspond to the coordinates listed in
Table 3. The estimated ellipsoidal surfaces of con-
stant probability density that enclose 95% of the pop-
ulation are shown by means of their principal ellipses
and principal diameters. Red represents the front sur-
face of the cornea and green the back surface. The
origin in (a) represents null surface curvature, that is,
a flat surface. The two ellipsoids, small in (a) are re-
drawn in (b) and (c) at a larger scale and shifted so
that the centroids of the ellipsoids are at the origin.
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Figure 1 Stereo-pair plots of ellipsoidal surfaces of constant
probability density (enclosing 95% of the population) in surface
curvature space of the surface curvatures of the anterior (red)
and posterior (green) surfaces of the cornea. In (a) the origin
represents null curvature (a flat surface). The ellipsoids reduce
to a small red dot and a larger green dot just to the right of the
vertical axis in this orientation. In (b) the ellipsoid for the an-
terior surface is repeated at a larger scale and with the mean
curvature (given in Table 3) at the origin. (c) shows the same
but for the posterior surface. The dots in (b) and (c) represent
25 surface curvatures calculated from individual measurements

(the first five of which are listed in Table 3).
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It is immediately evident from these results that the
back surface of the cornea exhibits greater variation
in surface curvature than the front surface. This is
in marked contrast to what is observed' with surface
powers.

Surface curvatures referred to the corneal
mid-surface

The notion of global and local curvature of the
cornea requires the front and back surfaces to be re-
ferred to a common location such as the mid-corneal
surface. This is done for the anterior and posterior
surfaces by means of Equations (15) and (16) of the
previous paper? . The results are shown in Table 4 for
the surface curvatures referred to the corneal mid-sur-
face. Figure 2 shows the results graphically.
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Figure 2 As for Figure 1 except that the surface curvatures are
referred to the corneal mid-surface. The red ellipsoid (anterior
surface) is slightly enlarged in (b) and slightly further from the
origin in (a). The green ellipsoid (posterior surface) is slightly
reduced in size in (c) and slightly closer to the origin in (a). The
red and green ellipsoids in (a) are closer together than in Figure

1(a).
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Table 4 The same as Table 3 except that the curvatures are

referred to the mid-corneal surface.

Anterior surface Posterior surface

KD K;D Kg/D KD K;D Kyg/b
136.9 -1.8 4.5 155.7 -6.8 9.4
136.4 -1.6 4.0 154.5 -5.7 8.5
136.6 -0.9 5.0 152.6 —4.1 11.2
136.3 -0.9 4.8 153.5 -6.5 9.6
136.0 -1.2 49 151.9 -6.7 10.7
K Ry Ry 136.3 -1.3 4.7 154.0 -6.0 9.9
P 1350 47 1481 99
K /D [ . |3747] { . 160.0]
sD?

. 0.301  —0.061
0.172

. 1.518  0.303
0.786

0.105 —0.079 0.054‘ r.xzu 0.184 —0.079’

Figure 2(a) shows that the red ellipsoid (shown as
a tiny dot) has moved a little further from the origin
in comparison with its position in Figure 1(a) while
the green one has moved a little closer to the origin.
Referring the surface curvatures to the corneal mid-
surface has caused the two ellipsoids to move towards
each other. Purely global variation in curvature about
the mid-surface would mean that the two ellipsoids
would coincide. Their distance apart reflects the
amount of local variation in curvature.

Relative to the ellipsoid in Figure 1(b) the ellipsoid
in Figure 2(b) is slightly enlarged. On the other hand
relative to the ellipsoid in Figure 1(c) the ellipsoid in
Figure 2(c) is slightly smaller. Referring the curva-
ture to the mid-surface has no effect on the shape of
the ellipsoids.

Global and local curvatures of the cornea

The global curvature of the cornea is calculated by
means of Equation (17) of the previous paper?. It is
merely the semi-sum (the arithmetic mean) of the cur-
vatures of the anterior and posterior surfaces referred
to the mid-surface. The local contribution to corneal
curvature is given by Equation (18) of that paper (it is
a semi-difference of the two curvatures referred to the
mid-surface); it is in terms of the back surface relative
to the front surface. The results are summarized in
Table 5 and Figure 3. The mean global and local con-
tributions to curvature are given as matrices in Table
5. Expressed in principal meridional form the mean
global curvature is 137.0 D along 148°and 153.4 D
and the mean local contribution is 5.4 D along 156°
and 12.3 D.



S Afr Optom 2008 67(1) 17-20  'WF Harris and WDH Gillan - Global and local contributions to curvature of a moderately keratoconic cornea

(a)

-
!_E'IIZIII
|

|

T 200K

i:.l-L
AL

ol = lar
s "_"---j._ o Wl -I--__|
4/ vl - /ZL* T—ak
4a

Figure 3 Stereco-pair plots of ellipsoidal surfaces of con-
stant probability density (enclosing 95% of the population)
in surface curvature space of the global (magenta) and local
(cyan) curvatures of the cornea. Both are shown in (a) with
null curvature at the origin. The global contribution is shown
in (b) and the local contribution in (c) with the centroids of the
ellipsoids shifted to the origin. The local contribution (just
noticeable in (a) close to the origin) is much less in magnitude
that the global contribution (close to the surface curvature 1501
D). The global surface curvature (b) exhibits greatest variation
in a direction roughly parallel to axis J. The ellipsoid for the
local contribution (c) is roughly spherical in the space.

Table 5 Global and local contributions to curvature of the

cornea.

Global contributions Local contributions

KiD Kyp KgdD KD Kyp Kg/d
1463 -43 6.9 9.4 2.5 24
1455 37 6.2 9.1 2.1 23
1446 25 8.1 8.0 -1.6 3.1
1449 37 7.2 8.6 2.8 24
1439 40 7.8 8.0 2.7 2.9

FOROR 1452 36 73 8.9 23 2.6

— 1415 73 6.5 2.6

K/D { . 148.8] [. |1.2]

2

. 0.659  0.043
. . 0.189

. 0.250 0.081

S/D
. . 0.290

0.286 0.012 0.034] [0.207 0.042 0.022’
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The global curvature of the cornea is represented by
the magenta dot close to surface curvature 1501 D in
Figure 3(a). It lies halfway between the red and green
dots in Figure 2(a). It represents an average of the
curvatures of the anterior and posterior surfaces both
referred to the corneal mid-surface. The local contri-
bution to corneal curvature is much smaller in magni-
tude; the tiny cyan dot that represents it lies close to
axis I and just above the origin in Figure 3(a).

The ellipsoid representing the local variation in
curvature is not far from being spherical in the space
as is evidenced by Figure 3(c) and the variance-co-
variance matrix in Table 5. This is in keeping with
what one expects for small-scale effects.® On the oth-
er hand the ellipsoid representing variation in global
curvature is definitely stretched in Figure 3(b) in a di-
rection nearly parallel to axis J a fact also revealed by
the large central entry (the variance of the ortho-anti-
spherical coordinate k,) in the variance covariance-
matrix. This is indeed in keeping with larger-scale or
global effects.® More particularly the principal me-
ridians associated with the ortho-antispherical varia-
tion (horizontal and vertical) suggest that the domi-
nant cause of the variation may well be the lids and
the blinking action.

Concluding remarks

The very simple model described elsewhere has
been applied here, with some apparent success, to a
moderately keratoconic cornea. The model shows
that global effects of corneal curvature are dominant
with the ortho-antispherical component in particular
the most important. This in turn suggests that an im-
portant contribution to variation in curvature may be
the lids and blinking. There was no attempt in this
study to control blinking. Clearly future work needs
to examine blinking in particular and also the normal,
non-keratoconic cornea.
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